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Abstract. The multi-variable Schmidt polynomials are defined by
S(r)n (x0, . . . , xn) :=
n∑
k=0
(
n+ k
2k
)r(
2k
k
)
xk.
We prove that, for any positive integers m, n, r, and ε = ±1, all the coefficients in the
polynomial
n−1∑
k=0
εk(2k + 1)S
(r)
k (x0, . . . , xk)
m
are multiples of n. This generalizes a recent result of Pan on the divisibility of sums of
Ape´ry polynomials.
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1 Introduction
Schmidt [7] introduced the numbers
n∑
k=0
(
n
k
)r(
n+ k
k
)r
,
which, for r = 2, are called the Ape´ry numbers since Ape´ry [2] published his ingenious
proof of the irrationality of ζ(3). Motivated by the work of Z.-W. Sun [9] on the Ape´ry
polynomials, Guo and Zeng [5] introduced the Schmidt polynomials
S(r)n (x) =
n∑
k=0
(
n
k
)r(
n + k
k
)r
xk,
*Corresponding author.
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and obtained the following congruence:
n−1∑
k=0
εk(2k + 1)S
(r)
k (x) ≡ 0 (mod n),
where ε = ±1. Here and in what follows, we say that a polynomial P (perhaps in multi-
variables) is congruent to 0 modulo n, if all the coefficients in P are multiples of n.
Recently, Pan [6] proved that, for any positive integers r, m and n, there holds
n−1∑
k=0
εk(2k + 1)S
(r)
k (x)
m ≡ 0 (mod n), (1.1)
where ε = ±1, and thus proved the related conjectures by Sun [9,10] and Guo and Zeng [5].
Note that, it is not easy to prove (1.1) for m > 2 directly, because there are no simple
formula to calculate the coefficients in the left-hand side of (1.1). In fact, Pan [6] proved
(1.1) by establishing a q-analogue.
Let
S(r)n (x0, . . . , xn) =
n∑
k=0
(
n + k
2k
)r(
2k
k
)
xk.
We shall give a generalization of (1.1) as follows.
Theorem 1.1. For any positive integers r, m, n and nonnegative integer a, we have
n−1∑
k=0
(2k + 1)S
(r)
k (x0, . . . , xk)
m ≡ 0 (mod n), (1.2)
n−1∑
k=0
(−1)k(2k + 1)S
(r)
k (x0, . . . , xk)
m ≡ 0 (mod n). (1.3)
It is clear that, if we take xk =
(
2k
k
)r−1
xk in the congruences (1.2) and (1.3), then we
obtain the congruence (1.1).
2 Proof of Theorem 1.1 for m = 1
We first establish the following lemma.
Lemma 2.1. For ℓ,m ∈ N and r > 1, there exist integers b
(r)
m,k (m 6 k 6 rm) divisible
by
(
k
m
)
such that
(
ℓ+m
2m
)r(
2m
m
)
=
rm∑
k=m
b
(r)
m,k
(
ℓ+ k
2k
)(
2k
k
)
. (2.1)
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Proof. We proceed by mathematical induction on r. It is clear that the identity (2.1)
holds for r = 1 with b
(1)
m,m = 1 =
(
m
m
)
. Suppose that the statement is true for r. A special
case of the Pfaff-Saalschu¨tz identity (see [8, p. 44, Exercise 2.d] and [1]) reads
(
ℓ+m
m+ k
)(
ℓ+ k
k
)
=
k∑
i=0
(
ℓ−m
i
)(
m
m+ i− k
)(
ℓ+m+ i
ℓ
)
,
which can be rewritten as(
ℓ+ k
2k
)(
2k
k
)
=
k∑
i=0
(m+ k)!i!
(m+ i)!k!
(
m
k − i
)(
ℓ−m
i
)(
ℓ+m+ i
i
)
. (2.2)
Multiplying both sides of (2.1) by
(
ℓ+m
2m
)
and applying (2.2), we obtain
(
ℓ+m
2m
)r+1(
2m
m
)
=
rm∑
k=m
b
(r)
m,k
(
ℓ+ k
2k
)(
2k
k
)(
ℓ+m
2m
)
=
rm∑
k=m
b
(r)
m,k
k∑
i=0
(m+ k)!i!
(m+ i)!k!
(
m
k − i
)(
ℓ−m
i
)(
ℓ +m+ i
i
)(
ℓ+m
2m
)
=
rm∑
k=m
k∑
i=0
b
(r)
m,k
(
k
m
)−1(
m+ i
m
)(
m
k − i
)(
m+ k
2m
)(
ℓ+m+ i
2(m+ i)
)(
2(m+ i)
m+ i
)
. (2.3)
Letting m + i = j and exchanging the summation order in the right-hand side of (2.3),
we see that the identity (2.1) holds for r + 1 with
b
(r+1)
m,j =
(
j
m
) rm∑
k=m
b
(r)
m,k
(
k
m
)−1(
m
j − k
)(
m+ k
2m
)
, m 6 j 6 (r + 1)m. (2.4)
By the induction hypothesis, each b
(r)
m,k is divisible by
(
k
m
)
, and so b
(r+1)
m,j is an integer
divisible by
(
j
m
)
. This proves that the identity (2.1) is also true for r + 1.
Proof of Theorem 1.1 for m = 1. Applying (2.1) and the identity
n−1∑
ℓ=k
(2ℓ+ 1)
(
ℓ+ k
2k
)(
2k
k
)
= n
(
n
k + 1
)(
n+ k
k
)
, (2.5)
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we have
n−1∑
k=0
(2k + 1)S
(r)
k (x0, . . . , xk) =
n−1∑
k=0
(2k + 1)
k∑
i=0
(
k + i
2i
)r(
2i
i
)
xi
=
n−1∑
i=0
xi
n−1∑
k=i
ri∑
j=i
b
(r)
i,j (2k + 1)
(
k + j
2j
)(
2j
j
)
= n
n−1∑
i=0
xi
ri∑
j=i
b
(r)
i,j
(
n
j + 1
)(
n+ j
j
)
.
Similarly, applying (2.1) and the identity
n−1∑
ℓ=k
(−1)ℓ(2ℓ+ 1)
(
ℓ+ k
2k
)(
2k
k
)
= (−1)n−1n
(
n− 1
k
)(
n+ k
k
)
, (2.6)
we get
n−1∑
k=0
(−1)k(2k + 1)S
(r)
k (x0, . . . , xk) = (−1)
n−1n
n−1∑
i=0
xi
ri∑
j=i
b
(r)
i,j
(
n− 1
j
)(
n+ j
j
)
.
This completes the proof.
3 Proof of Theorem 1.1 for m > 1
It is easy to see that
n−1∑
k=0
εk(2k + 1)S
(r)
k (x0, . . . , xk)
m =
n−1∑
k=0
εk(2k + 1)
(
k∑
i=0
(
k + i
2i
)r(
2i
i
)
xi
)m
=
n−1∑
k=0
εk(2k + 1)
∑
06i1,...,im6k
m∏
j=1
(
k + ij
2ij
)r(
2ij
ij
)
xij , (3.1)
Exchanging the summation order, we may rewrite the right-hand side of (3.1) as
∑
06i1,...,im6n−1
n−1∑
k=max{i1,...,im}
εk(2k + 1)
m∏
j=1
(
k + ij
2ij
)r(
2ij
ij
)
xij . (3.2)
By Lemma 2.1, we see that
(
k+ij
2ij
)r(2ij
ij
)
, as a polynomial in k, is a linear combination of
(
k + ij
2ij
)(
2ij
ij
)
,
(
k + ij + 1
2ij + 2
)(
2ij + 2
ij + 1
)
, . . . ,
(
k + rij
2rij
)(
2rij
rij
)
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with integer coefficients. Note that (2.2) with m = j and k = i also gives
(
ℓ+ i
2i
)(
2i
i
)(
ℓ+ j
2j
)(
2j
j
)
=
i∑
k=0
(
i+ j
i
)(
j
i− k
)(
j + k
k
)(
ℓ+ j + k
2j + 2k
)(
2j + 2k
j + k
)
.
(3.3)
Therefore, by applying Lemma 2.1 and then repeatedly using (3.3), we find that the
expression
∏m
j=1
(
k+ij
2ij
)r(2ij
ij
)
, as a polynomial in k, can be written as a linear combination
of(
k + i
2i
)(
2i
i
)
,
(
k + i+ 1
2i+ 2
)(
2i+ 2
i+ 1
)
, . . . ,
(
k + r(i1 + · · ·+ im)
2r(i1 + · · ·+ im)
)(
2r(i1 + · · ·+ im)
r(i1 + · · ·+ im)
)
,
with integer coefficients, where i = max{i1, . . . , im}.
Finally, using (2.5) and (2.6), we deduce that the coefficients in (3.2) are all multiples
of n. Namely, Theorem 1.1 holds for m > 1.
Remark. The identity (3.3) was also utilized by the second author [3] to confirm some
conjectures of Z.-W. Sun [9, 10] on sums of powers of Delannoy polynomials.
4 Concluding remarks
Theorem 1.1 can be further generalized as follows. Let (x)0 = 1 and (x)n = x(x+1) · · · (x+
n − 1) for all n > 1. Then, for any nonnegative integer a, the proof of [4, Lemma 2.1]
gives
ka(k + 1)a
(
k + j
2j
)
=
a∑
i=0
ci(j, a)
(
k + j + i
j + i
)
(2j + 1)2i, (4.1)
where c0(j, a), . . . , ca(j, a) are integers independent of k.
Using the identity (4.1) and the same idea in the previous section, we can show that
(see the proof of [4, Theorem 1.2])
n−1∑
k=0
εk(2k + 1)ka(k + 1)aS
(r)
k (x0, . . . , xk)
m ≡ 0 (mod n),
where ε = ±1. Noticing that
(2k + 1)2a = (4k2 + 4k + 1)a =
a∑
i=0
(
a
i
)
4iki(k + 1)i, (4.2)
we immediately get
n−1∑
k=0
εk(2k + 1)2a+1S
(r)
k (x0, . . . , xk) ≡ 0 (mod n),
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where ε = ±1.
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